Conjunctive Query Inseparability of OWL 2 QL TBoxes

B. Konev, R. Kontchakov? M. Ludwig, T. Schneider; F. Wolter' and M. Zakharyaschev?

! Department of Computer Science
University of Liverpool, UK

{konev,michel.ludwig, wolter}
@liverpool.ac.uk

Abstract

The OWL 2 profile OWL 2 QL, based on the DL-Lite fam-
ily of description logics, is emerging as a major language
for developing new ontologies and approximating the exist-
ing ones. Its main application is ontology based data access,
where ontologies are used to provide background knowledge
for answering queries over data. We investigate the corre-
sponding notion of query inseparability (or equivalence) for
OWL 2 QL ontologies and show that deciding query insepa-
rability is PSPACE-hard and in EXPTIME. We give polyno-
mial time (incomplete) algorithms and demonstrate by exper-
iments that they can be used for practical module extraction.

Introduction

In recent years, ontology-based data access (OBDA) has
emerged as one of the most interesting and challenging ap-
plications of description logic (Dolby et al. 2008; Heymans
et al. 2008; Poggi et al. 2008). The key idea is to use ontolo-
gies for enriching data with additional background knowl-
edge, and thereby enable query answering over incomplete
and semistructured data from heterogeneous sources via
a high-level conceptual interface. The W3C recognised
the importance of OBDA by including in the OWL 2 Web
Ontology Language the profile OWL 2 QL, which was de-
signed for OBDA with standard relational database systems.
OWL 2 QL is based on a description logic (DL) that was
originally introduced under the name DL-Liter (Calvanese
et al. 2006; 2007) and called DL-Lite’?,, in the more gen-
eral classification of (Artale et al. 2009). It can be described
as an optimal sub-language of the DL SROZQ, underlying
OWL 2, which includes most of the features of conceptual
models, and for which conjunctive query answering can be
done in AC? for data complexity.

Thus, DL—LiteZ'ol,e is becoming a major language for
developing ontologies, and a target language for transla-
tion and approximation of existing ontologies formulated
in more expressive DLs (Pan and Thomas 2007; Botoeva,
Calvanese, and Rodriguez-Muro 2010). One of the con-
sequences of this development is that DL-Lite ontolo-
gies turn out to be larger and more complex than origi-
nally envisaged. As a result, reasoning support for ontol-
ogy engineering tasks such as composing, re-using, com-
paring, and extracting ontologies—which so far has been
only analysed for expressive DLs (Cuenca Grau et al. 2008;
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Stuckenschmidt, Parent, and Spaccapietra 2009), £L£ (Lutz
and Wolter 2010) and DL-Lite dialects (Kontchakov, Wolter,
and Zakharyaschev 2010) without role inclusions—is be-
coming increasingly important for DL-Lite’t  as well.
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In the context of OBDA, the basic notion underlying
many ontology engineering tasks is X-query inseparability:
for a signature (a set of concept and role names) X, two on-
tologies are deemed to be inseparable if they give the same
answers to any conjunctive query over any data formulated
in ¥. Thus, in applications using X-queries and data, one
can safely replace any ontology by a ¥-query inseparable
one. Note that the relativisation to X is very important here.
For example, one cannot expect modules of an ontology to
be query inseparable from the whole ontology for arbitrary
queries and data sets, whereas this should be the case if we
restrict the query and data language to the module’s signa-
ture or a specified subset thereof. Similarly, when compar-
ing two versions of one ontology, the subtle and potentially
problematic differences are those that concern queries over
their common symbols, rather than all symbols occurring in
these versions. In applications where ontologies are built
using imported parts, a stronger notion of inseparability is
required: two ontologies are strongly X-query inseparable
if they give the same answers to X-queries and data when
imported to an arbitrary context ontology formulated in X.

The aim of this paper is to (i) investigate the computa-
tional complexity of deciding (strong) X-query inseparabil-
ity for DL-Lite.;,, ontologies, (ii) develop efficient (though
incomplete) algorithms for practical inseparability checking,
and (iii) analyse the performance of the algorithms for the
challenging task of minimal module extraction.

One of our surprising discoveries is that the analysis of
Y-query inseparability for (seemingly ‘harmless’ and com-
putationally well-behaved) DL-Lite’,, ontologies requires
drastically different logical tools compared with the pre-
viously considered DLs. It turns out that the new syn-
tactic ingredient—the interaction of role inclusions and in-
verse roles—makes deciding (strong) query inseparability
PSPACE-hard, as opposed to the known CONP and IT5-
completeness results for DL-Lite dialects without role in-
clusions (Kontchakov, Wolter, and Zakharyaschev 2010).
On the other hand, the obtained EXPTIME upper bound is
actually the first known decidability result for strong in-
separability, which goes beyond the ‘essentially’ Boolean



logic and might additionally indicate a way of solving the
open problem of strong >-query inseparability for £L£ (Lutz
and Wolter 2010). For DL-Lite’,, ontologies without role
inclusions, strong Y-query inseparability is shown to be
only NLOGSPACE-complete. We give (incomplete) poly-
nomial time algorithms checking (strong) »-inseparability
and demonstrate, by a set of minimal module extraction
experiments, that they are (/) complete for many existing
DL-Lite* , ontologies and signatures, and (ii) sufficiently
fast to be used in module extraction algorithms that require
thousands of X-query inseparability checks. All omitted

proofs can be found in the appendix.

3:-Query Entailment and Inseparability

We begin by formally defining the description logic
DL-Lite* . underlying OWL 2 QL, and the notions of Y-
query inseparability and >-query entailment. The language
of DL—LiteZire contains countably infinite sets of individual
names a;, concept names A;, and role names P;. Roles R
and concepts B of this language are defined by:

R == P | P,

K3

B == L | T | A4 | 3R

A DL-Lite’t  TBox, T, is a finite set of inclusions
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BiE By, Ri C Ry, BiNBy C 1, [iMNRy C 1,

where By, B are concepts and R, Ry roles. An ABox, A,
is a finite set of assertions of the form B(a;), R(a;, a;) and
a; # a;, where a; and a; are individual names, B a concept
and R a role. Ind(A) will stand for the set of individual
names occurring in A. Taken together, 7 and A constitute
the DL-Lite’t,, knowledge base (KB, for short) K = (T, A).
The sub-language of DL—LiteZ'é,e without inclusions for roles
is denoted by DL-Lite,,,, (Calvanese et al. 2007).

The semantics of DL-Lite’,, is defined as usual in DL
(Baader et al. 2003). We only note that, in interpretations
T = (AZT,-T), we do not have to comply with the unique
name assumption, that is, we can have aiI = a]I- fori # j.
We write Z |= « to say that an inclusion or assertion « is true
in Z. The interpretation Z is a model of a KB K = (T, A) if
Z = aforall a € T UA. K is consistent if it has a model.
A concept B is said to be T-consistent if (T, {B(a)}) has a
model. K |= a means that Z |= « for all models Z of K.

A conjunctive query (CQ) q(z1,...,xy,) is a first-order
formula 3y; ... 3ym ©(T1,. .., Tny Y1,y - - -, Ym ), Where @ is
constructed, using only A, from atoms of the form B(t)
and R(t1,t2), with B being a concept, R a role, and
t; being an individual name or a variable from the list
L1y Tny Y1, ---,Ym. The variables in & = x1,..., 2,
are called answer variables of q. We say that an n-tuple
a@ C Ind(A) is an answer to ¢ in an interpretation Z if
T = q[d] (here we regard 7 to be a first-order structure); @
is a certain answer to g overaKB K = (T, A) if T = ¢|d]
for all models Z of K; in this case we write K = g[d].

To define the main notions of this paper, consider two KBs
K1 = (T1,A) and K2 = (T2, A). For example, the 7; are
different versions of some ontology, or one of them is a re-
finement of the other by means of new axioms. The question

we are interested in is whether they give the same answers to
queries formulated in a certain signature, say, in the common
vocabulary of the 7; or in a vocabulary relevant to an appli-
cation. To be precise, by a signature, 3, we understand any
finite set of concept and role names. A concept (inclusion,
TBox, etc.) all concept and role names of which are in X is
called a 3-concept (inclusion, etc.). We say that IC; X-query
entails ICo if, for all X-queries g(Z) and all @ C Ind(A),
K2 = qla] implies K1 = g[d]. In other words: any certain
answer to a X-query given by /Cs is also given by ;.

As the ABox is typically not fixed or known at the ontol-
ogy design stage, we may have to compare the TBoxes over
arbitrary Y- ABoxes rather than a fixed one, which gives the
following central definition of this paper.

Definition 1. Let 77 and 72 be TBoxes and ¥ a signature.
T X-query entails Tz if (T1,.A) X-query entails (72, A) for
any X-ABox A. 71 and T3 are X-query inseparable if they
3-query entail each other, in which case we write 71 =5, T5.

In many applications, Y-query inseparability is enough to
ensure that 77 can be safely replaced by 75. However, if they
are developed as part of a larger ontology or are meant to be
imported in other ontologies, a stronger notion is required:

Definition 2. 7 strongly Y-query entails To if T U T; 3-
query entails 7 U 75, for all ¥-TBoxes 7. 77 and 75 are
strongly Y-query inseparable if they strongly Y-query entail
each other, in which case we write 71 =3, Ts.

The following example illustrates the difference between
Y-query and strong Y-query inseparability. For further dis-
cussion and examples, we refer the reader to (Cuenca Grau
et al. 2008; Kontchakov, Wolter, and Zakharyaschev 2010).

Example 3. Let 7, ={T C3R,3JR- C B,BMNALC 1},
71 = 0and X = {A}. T; and T3 are X-query inseparable.
However, they are not strongly 3-query inseparable. Indeed,
for the 3-TBox 7 = {T C A}, 71 U T is consistent, while
T2 UT is inconsistent, and so 71 UT does not X-query entail
T2 U T, as witnessed by the query g = L.

From now on, we shall focus our attention mainly on the
more basic notion of X-query entailment.

>)-Query Entailment and >.-Homomorphisms

In this section, we characterise X-query entailment between
DL-Lite’* | TBoxes semantically in terms of (partial) Y-
homomorphisms between certain canonical models. Then,
in the next section, we use this characterisation to investi-
gate the complexity of deciding 3-query entailment.

The canonical model My of a consistent KB K = (T, A)
gives correct answers to all CQs. In general, M is infinite;
however, it can be folded up into a small generating model
Gk = (Zic,~ ) consisting of a finite interpretation Zx and
a generating relation ~»x that defines the unfolding.

Let £ be the reflexive and transitive closure of the role
inclusion relation given by 7, and let [R] = {S | R =3 S},
where R =% S stands for ‘R C% S and S T3 R We write
[R] <7 [S]if R C% S; thus, <7 is a partial order on the set
{[R] | Rarolein T }. For each [R], we introduce a witness
w(r) and define a generating relation ~ on the set of these

witnesses together with Ind(.A) by taking:



a~x wig) if a € Ind(A) and [R] is <7-minimal such that
K = 3R(a) and K [~ R(a,b) for any b € Ind(A);
wis) ~k wig) if [R] is <7-minimal with 7" }= 35~ C 3R
and [S™] # [R).
A role R is generating in K if there are a € Ind(A) and
Ri,..., R, = Rsuchthata ~»x W[R,] K * K W[R,]-
The interpretation Zx is now defined as follows:
AT® = Ind(A) U {wg | R is generating in K},
Tk = @, foralla € Ind(A),
AT = {a | K = Ala)} U {wig) | T E3IR™ C A},
PIx = {(a,b) | there is R(a,b) € As.t. R C5 P} U
{(z,wir) | © ~x wig) and [R] <7 [P]} U
{(wry, ) | ® ~xc wig) and [R] <7 [P™]}.
Gx can be constructed in polynomial time in |K|, and it is
not hard to see that Zx |= KC. To construct the canonical
model M giving the correct answers to all CQs, we unfold
the generating model Gx = (Zx,~ ) along ~c. A path
in Gy is a finite sequence AW[R,] """ W[R,]> N = 0, such that
a € Ind(A), a ~x wigr,) and wig,] ~k Wr, ], fori < n.
Denote by path(Gx ) the set of all paths in Gx and by tail(o)
the last element in o € path(Gx ). M is defined by taking:
AMr = path(glc)v
a™M*x = q, forall a € Ind(A),
{o | tail(o) € A%<},
PMr = {(a,b) € Ind(A) x Ind(A) | (a,b) € PI*} U
{(o,0 - wig) | tail(o) ~x wig), [R] <7 [P]}U
{(o - wig),0) | tail(o) ~x wir), [R] <7 [P7]}.
Example 4. The models Gi, for £; = (71, {A(a)}) with
7. ={A C 35,35~ C 31,37~ C IT,T C R}, and
M, look as follows (~, in Gk, is depicted as —):

a

0K,

M,

> > >0

aws awswrt awswrwr

Qo Qo
9]
=
S
=
S

Our first result states that M gives correct answers to all
conjunctive queries:

Theorem 5. For all consistent DL—thez;fm KBs I, CQs
q(Z) and tuples @ C Ind(A), where K = (T,.A), we have
K |= qla] iff Mx |= qlal.

Thus, to decide >-query entailment between KBs ; and
KCo, it suffices to check whether My, |= gq[d] implies
My, E qld] for all X-queries ¢(Z) and tuples @. This
relationship between My, and M, can be characterised
semantically in terms of finite >:-homomorphisms.

For an interpretation Z and a signature X, the X-types
t&(z) and 7L (z,y), for z,y € AL, are given by:

tL(z) = {Z-concept B | = € B%},
r&(z,y) = {Z-role R | (z,y) € RT}.

A Y-homomorphism from an interpretation Z to Z’ is a func-
tion h: AT — AZ such that h(aZ) = aZ, for all indi-
vidual names a interpreted in Z, t5(z) C % (h(x)) and
rL(x,y) C L (h(z), h(y)), forall z,y € AT

It is well-known that answers to 3-CQs are pre-
served under X-homomorphisms. Thus, if there is a X-
homomorphism from My, to M, then Ky X-query en-
tails /Co. However, the converse does not hold in general.

Example 6. Take 7; from Example 4, and let 75 be the
result of replacing R in 7; with R—. Let ¥ = {A, R} and
Ki = (Ti,{A(a)}). Then the X-reduct of My, does not
contain a ¥-homomorphic image of the X-reduct of My,
depicted below. On the other hand, it is easily seen that

A R™ R™
M}C2 °q o > »0

T1 and 75 are Y-query inseparable. Note that the X-reduct
of My, contains points that are not reachable from the
ABox by X-roles. In fact, using Kénig’s Lemma, one can
show that if every point in M, is reachable from the ABox
by a path of ¥-roles, then I ¥-query entails Ky iff there
exists a X-homomorphism from M, to M,.

Because of this, we say that 7 is finitely >-homo-
morphically embeddable into T' if, for every finite sub-
interpretation Z; of Z, there exists a >-homomorphism from
7, to Z'. Now one can show:

Theorem 7. Let Ky and Ky be consistent DL-Lite’,, KBs.
Then KC1 X-query entails IC iff My, is finitely ¥.-homomo-
rphically embeddable into M, .

Theorem 7 does not yet give a satisfactory semantic char-
acterisation of X-query entailment between TBoxes, as one
still has to consider infinitely many >-ABoxes. However,
using the fact that inclusions in DL—Liteg,_e, different from
disjointness axioms, involve only one concept or role in the
left-hand side and making sure that the TBoxes entail the
same Y-inclusions, one can show that it is enough to con-
sider singleton 3-ABoxes of the form {B (cg} Denote the
models Q(TV{B(G)}) and M(T,{B(a)}) by QT and MB, Ie-
spectively. We thus obtain the following characterisation of
>-entailment between DL-Lite’t,, TBoxes 71, Ta:

Theorem 8. 7, X-query entails T iff

(p) T2 E aimplies Ty |= a, for all Y-inclusions «;

(h) ./\/lgi2 is finitely Y-homomorphically embeddable into
M%, for all T1-consistent Y-concepts B.

By applying condition (p) to B C 1, we obtain that every
T1-consistent Y-concept B is also 7z-consistent.

Complexity of >.-Query Entailment

We use Theorem 8 to show that deciding ¥-query entailment
for DL—Literw TBoxes is PSPACE-hard and in EXPTIME.

Recall that subsumption in DL-Litech is NLOGSPACE-
complete (Calvanese et al. 2007; Artale et al. 2009); so con-
dition (p) of Theorem 8 can be checked in polynomial time.
And, since there are at most 2 - |X| singleton X-ABoxes,
we can concentrate on the complexity of checking finite -
homomorphic embeddability of canonical models for single-
ton ABoxes.



We begin by considering DL-Lite,,,., which does not con-
tain role inclusions. In this case, the existence of >-homo-
morphisms between canonical models can be expressed
solely in terms of the types of the points in these models;
cf. (Kontchakov, Wolter, and Zakharyaschev 2010). Let 71
and 75 be DL-Lite,,,, TBoxes and 3 a signature.

Theorem 9. T X-query entails T iff (p) holds and for
every T1-consistent E -concept B and every x € AT Tz there

B () C 6 (@)

The criterion of Theorem 9 can be checked in polynomial
time, in NLOGSPACE, to be more precise. Thus:

isz' € AT 7 wztht

Theorem 10. Checking Y-query entailment for TBoxes in
DL-Lite.,. is NLOGSPACE-complete.

However, if role inclusions become available, the picture
changes dramatically: not only do we have to compare
the X-types of points in the canonical models, but also
the X-paths to these points. To illustrate, consider the
generating models Gy, G2 below, where the arrows represent
the generating relations, and the concept names A, X;, X;
and the role names R and T} are all symbols in ¥. The
model G- contains 4 R-paths from a to w, which are further

extended by the infinite T%-paths. The paths 7 from a to w
can be homomorphically mapped to distinct R-paths h()
in G starting from a. But the extension of such a 7 with the
infinite T;-chain can only be mapped first to a suffix of h(m)
(backward, along 7. )—because we have to map paths in
the unfolding My of G5 to paths in M;—and then to a
T}-loop in G;. But to check whether this can be done, we
may have to ‘remember’ the whole path 7.

To see that G; and G5 can be given by DL- Lite™ TBoxes,
fix a quantified Boolean formula Q; X7 ... Q, X j:l Cj,
where Q; € {V, 3} and the C; are clauses over the variables
X LetY¥ ={A, X;,X;,R,Tj | i <n, j <m}andlet Ty
contain the inclusions
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AC3Sy, 357, C3QF,
QN X, QFCS;, S CR
XFCAR; if k=0,-X;€Cjork=1,X; € Cj,
JdR; € 3R;, R, CT;, ST,

and 73 the inclusions

_ _ Qk, ifQ; =V

ACT 387, C i =Y

E 35, Si & {asi, if Q;, =3,
QN xt, QFC s, S;C R,
38, C 3P;, 3P, L3P, PLCTy,

forallt < n,j < mandk = 1,2. The generating models
G# and G2 | restricted to X, look like G and Gs in the pic-
ture above, respectively. Moreover, one can show that ./\/lA2

is (finitely) X- homomorphlcally embeddable into M iff
the QBF above is satisfiable. As satisfiability of QBFs is
known to be PSPACE-complete, we obtain:

Theorem 11. X-query entailment for DL-L1teCH0,e TBoxes is
PSPACE-hard.

On the other hand, the problem whether M, is finitely
3)-homomorphically embeddable into M, can be reduced
to the emptiness problem for alternating two-way automata,
which belongs to EXPTIME (Vardi 1998). In a way similar
to (Vardi 1998; Gridel and Walukiewicz 1999), where these
automata were employed to prove EXPTIME-decidability of
the modal p-calculus with converse and the guarded fixed
point logic of finite width, one can use their ability to
‘remember’ paths (in the sense illustrated in the example
above) to obtain the EXPTIME upper bound:

Theorem 12. Checking X:-query entailment for DL- L1tew,e
TBoxes is in EXPTIME.

The }gtrecise complexity of X-query entailment for
DL-Lite.,,, TBoxes is still unknown. To put the obtained
results into perspective, let us recall that deciding >-query
entailment for ontologies in the DL DL- thef;l\(fm is CONP-
complete (Kontchakov Wolter, and Zakharyaschev 2010).
Compared to DL- thew,e, DL- L1te/\£m allows (unqualified)
number restrictions and conjunctions in the left-hand side of
concept inclusions, but does not have role inclusions, that
is: DL- L1tef,'1\£m N DL-Lite’,, = DL-Lite .. The data com-
plexity of answering CQs is the same for all three languages
under the UNA: AC°. However, the computational proper-
ties of these logics become different as far as 2-query entail-
ment is concerned: NLOGSPACE-complete for DL-Lite e,
CONP-complete for DL L1tef,\0/m, and between PSPACE and
EXPTIME for DL-Lite? ,. Tt may be of interest to note that
Y-query entailment for DL-Lite;,,,, allowing full Booleans

as concept constructs, is IT5-complete.

Strong >-Query Entailment

It is pretty straightforward to construct an exponential
time algorlthm checking strong >:-query entailment between
DL-Lite’* , TBoxes 77 and T: enumerate all X-TBoxes 7

and check whether 7; U T X-query entails 75 U7 . As there
are quadratically many >-inclusions, this algorithm calls the
Y-query entailment checker 2z times, in the worst case.
We now show that one can do much better than that.

First, it turns out that instead of expensive Y-query entail-
ment checks for the TBoxes 7; U T, it is enough to check
consistency (in polynomial time). More precisely, suppose



71 X-query entails 72. One can show then that 7; does not
strongly Y-query entail 75 iff there exist a ¥-TBox 7 and
a X-concept B such that (73 U T, {B(a)}) is consistent but
(T2 UT,{B(a)}) is not (see Example 3 above).

Moreover, checking consistency for all ¥-TBoxes 7 can
further be reduced—using the primitive form of DL-Lite’?,,

axioms—to checking consistency for all singleton -
TBoxes 7. Thus, we obtain the following:

Theorem 13. Suppose that T1 X-query entails To. Then
T1 does not strongly Y:-query entail T3 iff there is a 3-con-
cept B and a X-TBox T with a single inclusion of the form
By C Byor Ry C Ry such that (T1 UT,{B(a)}) is consis-
tent but (To UT,{B(a)}) is inconsistent.

So, if we already know that 77 »-query entails 75, then
checking whether this entailment is actually strong can be
done in polynomial time (and NLOGSPACE). The proof,
based on both semantical and proof-theoretic constructions,
is given in the full version of the paper.

Theorem 13 is crucial for the implementation of an effi-
cient strong -query entailment checker, as discussed in the
section on our experiments below.

Incomplete algorithm for >.-query entailment

The complex interplay between role inclusions and inverse
roles, required in the proof of PSPACE-hardness, appears to
be too artificial compared to how roles are used in ‘real-
world’ ontologies. For example, in conceptual modelling,
the number of roles is comparable with the number of con-
cepts, but the number of role inclusions is normally very
small (see the table in the next section). For this reason,
instead of a complete exponential time >-query entailment
checker, we have implemented a polynomial time correct but
incomplete algorithm, which is based on testing simulations
between transition systems.
Let 77 and 75 be DL-Lite’t,, TBoxes, . a signature, B

a X-concept. Denote KC; = (7;,{B(a)}) and Z; = Zx,,

i =1,2. Arelation p C A2 x ATt is called a S-simulation

of Gi, in Gi, if the following conditions hold:

(s1) the domain of p is A%2 and (a”2,a™") € p;

(s2) t& (z) C t& (a'), for all (z, ') € p;

(s3) if & ~xc, wig) and (z,2”) € p, then there is y € AT
such that (wgj, %) € pand S € 'rgl (z',y") for every
Y-role S with [R] <7, [5].

We call p a forward %-simulation if it satisfies (s1), (s2) and

the condition (s3'), which strengthens (s3) with the extra re-

quirement: y" = wjz), for some role 7', with 2" ~x, wiry

and [T] <7, [S] for every X-role S with [R] <, [5].

Example 14. In Example 6, there is a 3-simulation of G,
in Gk, , but no forward X-simulation exists. The same ap-
plies to G, and G; in the proof of the PSPACE lower bound.

In contrast to finite >-homomorphic embeddability of
M, in M, the problem of checking the existence of
(forward) X-simulations of Gy, in Gx, is tractable and
well understood from the literature on program verifica-
tion (Baier and Katoen 2007). Consider now the following
conditions, which can be checked in polynomial time:

(y) condition (p) holds and there is a forward Y-simulation
of 973—2 in g% , for every T;-consistent ¥-concept B;

(n) condition (p) does not hold or there is no Y-simulation
of Q7B—2 in Q% , for any 77 -consistent >-concept B.

Theorem 15. Let 71,75 be DL-LiteZ;f,e TBoxes and ¥ a sig-

nature. If (y) holds, then T, X-query entails To. If (n) holds,
then Ty does not %-query entail Ts.

Thus, an algorithm checking conditions (y) and (n) can
be used as a correct but incomplete X-query entailment
checker. It cannot be complete since neither (y) nor (n) holds
in Example 14. On the other hand, condition (n) proves to
be a criterion of X-query entailment in two important cases:

Theorem 16. Suppose that (a) T1 and To are DL-Lite o,
TBoxes, or (b) T, = 0 and T is a DL-Lite’*,, TBox. Then
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condition (n) holds iff T, does not X-query entail Ts.

The case 7; = ) is of interest for module extraction and safe
module import, which will be discussed in the next section.

Experiments

Checking (strong) ¥-query entailment has multiple applica-
tions in ontology versioning, re-use, and extraction. We have
used the algorithms, suggested by Theorems 15 and 13, for
minimal module extraction to see how efficient they are in
practice and whether the incompleteness of the (y)—(n) con-
ditions is problematic. Extracting minimal modules from
medium-sized real-world ontologies requires thousands of
calls of the (strong) X-query entailment checker, and thus
provides a tough test for our approach.
For a TBox 7 and a signature ¥, a subset M C 7T is

— a X-query module of T if M =5 T;

— astrong ¥-query module of T it M =5, T

— adepleting Y-query module of T if () =3 Usig(M) TA\M,
where sig(,M) is the signature of M.

We are concerned with computing a minimal (w.r.t. C) 3-
query (MQM), a minimal strong 2-query (MSQM), and the
(uniquely determined) minimal depleting 3-query (MDQM)
module of 7. The general extraction algorithms, which call
Y-query entailment checkers, are taken from (Kontchakov,
Wolter, and Zakharyaschev 2010). For MQMs and MSQMs,
the number of calls to the checker coincides with num-
ber of inclusions in 7. For MDQMs (where one of the
TBoxes given to the checker is empty, and so the checker
is complete, by Theorem 16), the number of checker calls is
quadratic in the number of inclusions in 7.

We extracted modules from OWL 2 QL approximations
of 3 commercial software applications called Core, Um-
brella and Mimosa (the original ontologies use a few axioms
that are not expressible OWL 2 QL). Mimosa is a specialisa-
tion of the MIMOSA OSA-EAI specification' for container
shipping. Core is based on a supply-chain management sys-
tem used by the bookstore chain Ottakar’s (now merged with
Waterstone’s), and Umbrella on a research data validation
and processing system used by the Intensive Care National

'htpp://www.mimosa.org/?q=resources/specs/osa-eai-v321



Audit and Research Centre? The original Core and Umbrella
were used for the experiments in (Kontchakov, Wolter, and
Zakharyaschev 2010). For comparison, we extracted mod-
ules from OWL 2 QL approximations of the well-known
IMDB and LUBM ontologies. For each of these ontologies,

ontology Mimosa| Core |Umbrella|]IMDB | LUBM
concept incl. 710 | 1214 1506 45 136
role incl. 53 19 13 21 9
concept nm. 106 82 79 14 43
role names 145 76 64 30 31

we randomly generated 20 signatures > of 5 concept and
5 roles names. We extracted >-MQMs, MSQMs, MDQMs
as well as the T1L-module (Cuenca Grau et al. 2008) from
the whole Mimosa, IMBD and LUBM ontologies. For
the larger Umbrella and Core ontologies, we first com-
puted the Tl-modules, and then employed them to fur-
ther extract MQMs, MSQMs, MDQMSs, which are all con-
tained in the T_L-modules. The average size of the result-
ing modules and its standard deviation is shown below:

Core (1233) Mimosa (763) Umbrellas((;sw) IMDB 66) LUBM (145)
1

375375
34
101 105 315 30 31 3 34
25
20 20
47 %8
83 86 ﬁﬁ 98 101
S 3 5s332 5532 5s35% 5s 33
228 i%zgi%zzi3zgigzzg
=35sSkF2sFH=235sF=535F2355F

Details of the experiments and ontologies are available at
http://aaai-1l.tripod.com/. Here we briefly com-
ment on efficiency and incompleteness. Checking Y-query
inseparability turned out to be very fast: a single call of the
checker never took more than Is for our ontologies. For
strong X-query inseparability, the maximal time was less
than 1 min. For comparisons with the empty TBox, the
maximal time for strong X-query inseparability tests was
less than 10s. For the hardest case, Mimosa, the average
total extraction times were 2.5mins for MQMs, 140mins for
MSQMs, and 317mins for MDQMs. Finally, only in 9 out of
about 75,000 calls, the X-query entailment checker was not
able to give a certain answer due to the incompleteness of
the (y)—(n) condition, in which case the inclusions in ques-
tion were added to the module.

Outlook

We have demonstrated that, despite its PSPACE-hardness,
(strong) X-query inseparability can be decided efficiently
for real-world OWL 2 QL ontologies. It would be of in-
terest to explore (i) whether (some of) our techniques can
be extended to more expressive DLs such as DL-Lite;,,,,, or
even £LZ, and (ii) how the algorithms deciding inseparabil-
ity can be utilised for analysing and visualising the differ-
ence between ontology versions if two ontologies are not Y-
query inseparable, as required by ontology versioning sys-
tems (Noy and Musen 2002).

“http://www.icnarc.org

Acknowledgments. This work was partially supported by
the U.K. EPSRC grants EP/H05099X/1 and EP/H043594/1.

References

Artale, A.; Calvanese, D.; Kontchakov, R.; and Za-
kharyaschev, M. 2009. The DL-Lite family and relations.
Journal of Artificial Intelligence Research 36:1-69.

Baader, F.; Calvanese, D.; McGuinness, D.; Nardi, D.; and
Patel-Schneider, P., eds. 2003. The Description Logic Hand-
book: Theory, Implementation, and Applications. Cam-
bridge University Press.

Baier, C., and Katoen, J.-P. 2007. Principles of Model
Checking. MIT Press.

Botoeva, E.; Calvanese, D.; and Rodriguez-Muro, M. 2010.
Expressive approximations in DL-Lite ontologies. In Proc.
of AIMSA, 21-31. Springer.

Calvanese, D.; De Giacomo, G.; Lembo, D.; Lenzerini, M.;

and Rosati, R. 2006. Data complexity of query answering
in description logics. In Proc. of KR, 260-270.

Calvanese, D.; De Giacomo, G.; Lembo, D.; Lenzerini, M.;
and Rosati, R. 2007. Tractable reasoning and efficient query
answering in description logics: The DL-Lite family. J. of
Automated Reasoning 39(3):385-429.

Cuenca Grau, B.; Horrocks, 1.; Kazakov, Y.; and Sattler, U.
2008. Modular reuse of ontologies: Theory and practice.
JAIR 31:273-318.

Dolby, J.; Fokoue, A.; Kalyanpur, A.; Ma, L.; Schonberg,
E.; Srinivas, K.; and Sun, X. 2008. Scalable grounded con-
junctive query evaluation over large and expressive knowl-
edge bases. In Proc. of ISWC, v. 5318 of LNCS, 403-418.

Gridel, E., and Walukiewicz, I. 1999. Guarded fixed point
logic. In Proc. of LICS, 45-54.

Heymans, S.; Ma, L.; Anicic, D.; Ma, Z.; Steinmetz, et al.
2008. Ontology reasoning with large data repositories. In
Ontology Management, Semantic Web, Semantic Web Ser-
vices, and Business Applications, Springer. 89—128.

Kontchakov, R.; Wolter, F.; and Zakharyaschev, M. 2010.
Logic-based ontology comparison and module extraction,
with an application to DL-Lite. Artif. Intell. 174:1093-1141.

Lutz, C., and Wolter, F. 2010. Deciding inseparability and
conservative extensions in the description logic £L. J. Symb.
Comput. 45(2):194-228.

Noy, N. F, and Musen, M. A. 2002. Promptdiff: A fixed-
point algorithm for comparing ontology versions. In Proc.
of AAAI/IAAIL 744-750.

Pan, J. Z., and Thomas, E. 2007. Approximating OWL-DL
Ontologies. In Proc. of AAAI, 1434-1439.

Poggi, A.; Lembo, D.; Calvanese, D.; De Giacomo, G.;
Lenzerini, M.; and Rosati, R. 2008. Linking data to on-
tologies. J. on Data Semantics X:133-173.
Stuckenschmidt, H.; Parent, C.; and Spaccapietra, S., eds.
2009. Modular Ontologies: Concepts, Theories and Tech-
niques for Knowledge Modularization, v. 5445 of LNCS.

Vardi, M. Y. 1998. Reasoning about the past with two-way
automata. In Proc. of ICALP, v. 1443 of LNCS, 628-641.



Proof of Theorem 5
We first prove that Zx |= K and M = K. We also show a
lemma that we will reuse in the following sections.

Proposition 17. For all consistent DL-Lite!!,, KBs K,
Ik |E K and My = K.

Proof. Let K = (T, A). Weshow Ix = K. Mg E K
can be shown similarly and is left to the reader. The part
Tk = Ais obvious from the construction of Zx.. For Zic
T, we take o € T and proceed by case distinction over the
possible shapes of a. We can treat T and L the same way as
concept names because the equation

AT = {a| K | A(@)} U{wg | T 3R C 4},

which is part of the definition of Zx, holds for T and L
as well—for T trivially, and for L using the fact that R is
generating for all wyg) € A%<,

a=A C Ay Letx € A%’C. If x = a € Ind(A), then
K [ Ai(a) by construction of A%’C . Since o € T, we
have K |= Az(a) and, by construction of ALK a€ Ag’c .
For x = wg) we can argue analogously.

a=AC3R Letx € ATx, If x = a € Ind(A), then
K |= A(a) and, since a € T, we have K = IR(a). Take
some <y -minimal [S] with [S] < [R] and K |= 35(a).
Then it holds that x ~+x ws). From the construction of
R we can derive (z,w[g)) € RT*, hence z € (R)**.
If + = wyg) for some S, then 7 = 35~ C A. Since
a € T,wehave T =35~ C 3R and therefore Wis) K
wyp) for some <7-minimal [T] with [T] <7 [R]and T =
37T~ C 3R. The rest of the argument is the same.

a=3RC A. Letz € (GR)I<. If z = a € Ind(A), then
the construction of RZ% implies that either (i) there is
some b € Ind(A) with S(a,b) € A for S T} R, or
(ii) a ~x wig) for some [S] with [S] <7 [R]. In case
(i), since o € T, we obtain £ = A(a) and therefore
a € AT< . In case (ii), we conclude that K |= 3R(a) and,
since « € T, K = A(a). The rest is by construction of
ATr  Forx = w[s) we can argue analogously.

« =dR C 3S5. The argument is a combination of those in
the previous two cases.

a=AMAC L Letz € AJTF UALS. Itz = a €
Ind(A), then £ = A;(a) and, since a € T, we have
a contradiction to K being consistent. If z = wg) for
some R, then 7 = JR~ C A;. Since « € T, we obtain
T |E 3R~ C L, acontradiction to R being generating.

a=AMN3IRLC L. We derive a contradiction analogously
to the previous case.

a=3RM3S C L. Analogous.

a=R; C Ry. Let(x,y) € Rf’c. By construction of Rf’c,
we have that y = wg) for some [S] with [S] <7 [Ry].
Since « € T, we have [S] <7 [R2] and, therefore,
(x,y) € Ri‘ .

a = R MRy C 1. We proceed as in the previous case un-
til we obtain a contradiction to .S being generating.

O

For the following lemma, we say that a homomorphism
from an interpretation Z to Z’ is a ¥.z-homomorphism from
7 to ', where Y7 is the signature of Z. Analogously, t(-)
and r%(-,-) denote t£_(-) and 5, ().

Lemma 18. For every consistent DL-Lite’t | KB K and ev-

core
ery model T |= K, there exists a homomorphism from My
to 1.

Proof. We define a function h : AMx — AT that guar-
antees h(o - wir)) € (3R™)T for all paths o and roles
R. We simultaneously define h(o) and prove the guaran-
tee by induction on |o|. For 0 = a, we set h(a) = a”.
For longer paths, we set h(o - wig)) to some z € A
with (h(c),z) € RT. Such a z exists: the construction
of My requires that tail(o) ~x wg for some [S] with
[S] <7 [R], and the definition of ~»x now admits two
cases. If tail(c) = a € Ind(A), then £ = 35(a), ie.,
K & 3R(a). If tail(c) = wppy, then 7 |= 37~ C 38,
i.e., 7 = 3T~ C 3R. Due to the induction hypothesis for
the above guarantee, we obtain that z with (h(c), z) € R
exists and that h(o - wg)) = 2 satisfies the guarantee again.
It remains to show that h is a homomorphism, i.e.,

1. h(aMx) = a? forall a € Ind(A),

2. For all paths 0 € AM~x: tMx (g) C tZ(h(0)).

3. For all paths 01,00 € AMr: pMx(g,0,) C
tI(h(0'1>,h(0'2>).

(1) is ensured by ™~ = a and h(a) = a®. For (2), we
proceed by induction on |o|.

oc=a. Let B € t™M*x(a), ie,a € BMc. If B = A,
then the construction of My implies that £ = A(a),
hence a € A%, ie., B € t¥(a). If B = 3R, then the
construction of My implies that (a,z) € RZ< for some
x. Either z = b € Ind(A)—in which case S(a,b) € A
for some S C* R, and hence a € (IR)T—or z = wis)
for some [S] with a ~»x ws) and [S] <7 [R]. In the
latter case, we obtain K = 35(a), i.e., K = 3R(a) and
a € (3R)L,ie., B € t*(a).

o =0 -wpg. Let B € t"%(0), ie, 0 € BMr. If
B = A, then the constructions of My and Zx imply
that wz) € AT and T | IR~ C A. With the
guarantee h(c) € (IR)Z, we obtain h(c) € AZ, ie.,
B € t*(h(o)). If B = 38, then the construction of M
implies that wp) ~x wyr) for some [T7] with [T] < [S].
Hence, 7 =3JR~ C 3T,ie., 7 = 3R~ C 3S. With the
guarantee h(c) € (3R™)%, we obtain h(o) € (39)%, i.e.,
B € tX(h(0)).

For (3), let R € rMx (0y,05), i.e., (01,02) € RM~x. As-
sume w.l.o.g. that R = P is a role name. From the con-
struction of M, we conclude that one of the following two
cases OCcurs.



oy = 01 - wig) for some [S] with tail(oy) ~x wig and
[S] <7 [P]. From the construction of h, we obtain
(h(o1),h(o2)) € SZ, hence (h(o1),h(02)) € PZ, ie.
R =P eri(h(o1),h(02))

o1 = 09 - wig) for some [S] with tail(oz) ~x wis and

[S] <7 [P~]. From the construction of h, we obtain
(h(o2),h(o1)) € SZ, hence (h(o1),h(02)) € PZ, ie.
R =P cr(h(o1),h(02))

O

We are now ready to prove Theorem 5 which we formu-
late again.

Theorem 5. For all consistent DL-Lite!t, KBs K, CQs q(&)
and tuples @ C Ind(A), where K = (T,.A), we have K |

qld) iff Mx = qla).

Proof. By Proposition 17, M = K. This implies direction
“=7.

For the “«<” direction, let Mx | gld] with
a = ai,...,a, < Ind(A), and let q(&¥) =
Fy1 .. Fym-o(X1, o Ty Y1, - - Ym)- It is sufficient to
show that Z = g[a] for every model Z of K. There are
O1y...,0m € AMK such that Mg |= o[d@,o1,...,0m].
Now let Z = K. Take a homomorphism % from My to
T, which exists due to Lemma 18. The following two prop-
erties are immediate consequences of i being a homomor-
phism, and they imply that Z |= q[d, h(o1),. .., h(om)].

—

1. For all concepts B and paths 0 € AMx: if o € BMx,
then h(o) € BL.

2. For all roles R and paths 01,09 € AME: if (0y,09) €
RMx | then (h(a1), h(o2)) € RT.

O

Proof of Theorem 7

Proof. Using Theorem 5, it suffices to show that the follow-
ing two conditions are equivalent.

1. For all X-queries q and @ C Ind(A), if Mk, E qld],
then My, E qld].
2. My, is finitely 3-homomorphically embeddable into

My, .

For “(1) = (2)”, assume (1). Take A’ C AM~x2 and
let A" = {ay,...,ax,01,...,0¢}, where a; € Ind(A) and
the o; are Gx,-paths. For ease of notation, we abbreviate
tg/l'cz (-) and rg/l’cz (-,+) by t%() and rZ(-,-). Take vari-

ableszi,...,Tk,y1,...,yecandletq = Jy; . .. Jypp, where
i=1,....k =1,k i=1,....k
BetZ(ai) Berg(ai,aj) Jj=1,....¢

BErQE(ai,aj)

N /\B(yz) A /\ R(yi, ;)
i=1,...0 ij =1,

Bet (o) Berg(o4,05)

Since the X-concepts B in the definition of q include T,
the query g uses all variables x; and y;. Clearly, My, =
qlai,...,ag,01,...,00. Due to (1), we have My,
qlai,... a0, ... 0 forsome oy, ... o, in AM~x1 We
define a function h : A’ — AM~x1 via h(a;) = a; and
h(o;) = of. This function is a ¥-homomorphism because it
maps every a; to a; and the conjuncts in q explicitly require
that all 2-(role-)types are preserved.

For “(2) = (1), assume that My, is finitely X-
homomorphically embeddable into My,. Let g be a X-
query with Mg, = qla1,...,ax,01,...,00 for some
01,...,00in AMr2. Let A’ = {ay,...,a,01,...,0¢}.
Take a ¥-homomorphism h : A’ — AM~x:1 with h(a;) = a;
for all 7. The homomorphism laws imply

e For all X-concepts B and 0; € A': if 0; € BM*2, then
h(Jl) c BMKl .

e For all S-roles R and 0;,0; € A: if (0;,0;) € RM*2,
then (h(O’Z), h(O'J)) € RMxy,

Therefore, M, = qlas,...,ak, h(o1),...,h(os)]. O
Proof of Theorem 8
We divide the proof into two parts. An ABox A is

called a single individuum ABox if A is of the form
{Bi(a),...,B,(a)}, where a is an individual name and
By, ..., B, are concepts.

Lemma 19. 77 X-query entails T if

(p) T2 E aimplies T1 | «, for all X-inclusions «;

(i) M7, 4) is finitely ¥-homomorphically embeddable into
M7, 4, for all consistent (T;, A), i = 1,2, such that A
is a single individuum X-ABox.

Proof. Assume that (p) and (i) hold. To prove that 77 X-
query entails 75 let A be a 3-ABox. Assume first (73,.4)
is inconsistent. We have to show that (77,.4) is inconsis-
tent. We may assume that 3R(a) € A whenever there exists
b with R(a,b) € A. Similarly, we assume R(a,b) € A iff
R~ (b,a) € A. Then one can readily show that from (73, .A)
inconsistent it follows that at least one of the following ap-
plies:

e there exist a € Ind(A) and B;(a), B2(a) € A such that
7—2 l: Bl |_|B2 E 1. Butthen, by (p), 7-1 l: Bl |_|B2 E 1
and so (77, .A) is inconsistent.

e there exist a,b € Ind(A) and R(a,b), S(a,b) € A such
that 75 = RMS C L. Butthen, by (p), 71 = SMRC L
and so (71, A) is inconsistent.

Assume now that (7;,.4), ¢ = 1,2, are consistent. We
show that M7, 4) is finitely ¥-homomorphically embed-
dable into M7, 4). First observe that we can relax the
condition defining a ~»x wg) to requiring a € Ind(A)
and [R] being <;-minimal such that K | 3JR.(a) (but
not necessarily K %= R(a,b) for any b € Ind(A)). De-
note the modified canonical model by M. Then there ex-
ists a ¥-homomorphism from M} to M and vice versa.



Thus, it is sufficient to show that /\/l’(T2 A) is finitely -
homomorphically embeddable into M2T1 A Let D be a fi-
nite subset of AM (724 We may assume that Ind(.A) C D.
By (i), for a € Ind(A), there are ¥-homomorphisms &,
from the interpretations induced by D N AMT2.r@)) in
M (75 r(a)) t© M(T; 1(a))» Where I'(a) = {B(a) | B(a) €
A}. It remains to show that & = J,¢jnq() Pa is a par-
tial > homomorphism with domain D from ./\/l’(T2 A) into
M7, 4)- But this follows immediately if

e a € BMmw implies a € BMma for all Y-concepts
B and a € Ind(A);

e (a,b) € RMm . implies (a, b)
roles B and a,b € Ind(A).

The first condition follows from: 75 = B; T Bs implies
Ti = B1 C By, for all ¥-inclusions B; T Bs, by (p).
The second condition follows from: 72 = Ry C R implies
Ti E R1 C Ry, for all Y-inclusions Ry T Ry, by (p). O

S RMETLA) for all X-

We are now ready to prove Theorem 8 which we formu-
late again.

Theorem 8 7; >-query entails 75 iff

(p) T2 E «implies 71 = «, for all X-inclusions «;

(h) MZ s finitely ¥-homomorphically embeddable into
M% , for all 71-consistent Y:-concepts B.

Proof. The proof that (p) and (h) follow if 77 X-query en-
tails 73 is straightforward and omitted. Conversely, as-
sume that (p) and (h) hold. It is sufficient to prove
that (i) from Lemma 19 holds. So, assume that A =
{Bi(a),...,B,(a)}is a single individuum X-ABoxes such
that (7;,.A), i = 1,2, are consistent. We have to show that
M(7;,4) is finitely ¥-homomorphically embeddable into

(T:,A)- But this follows directly from the fact that every
M(7~2 {Bi(a)}) 18 finitely -homomorphically embeddable
into M(Tl,{B (a)})> forl <i<n. O

Proof of Theorem 9
Theorem 9 7; ¥-query entails 75 iff (p) holds and for every
T1-consistent X- concept B and every z € AT Tz there is

o' € ATh w1thtZT2( yCt Tl( .

Proof. The implication (=) follows immediately from The-
orem 8 and the definition of ¥-homomorphism.

To prove the converse, we show that, for every 7i-
consistent X-concept B, there exists a X-homomorphism

. ME
h from MZ to MEZ . First, we observe that 5, "*(a) C

MB
ts. "' (a). Indeed, otherwise we would have a X-concept C
such that 7 = B C C but 71 £ B C C, contrary to
B B
condition (p). Thus, we can set h(a™72) = ™71,

Suppose now that we already have h(z) = 2
B

and

M
ry, *(z,y) = {R} (remember, we are dealing with the lan-
guage DL-Lite.,,, which does not contain role inclusions).

B
"1 (2"), and so there

(x’y)—{R} Seth()—y By the
P y) C ) Gt

B
Then 3R € t/;T"’ (z), whence 3R € tM

. MZ
is y such that 7y, ™

observation above, we then have t

suffices to consider the case B = EIR*)
Finally, if a point « is not reachable from the root of M%

by a Y-path. In this case, we take any z’ in M% with

ME ME
ty, ?(z) Cty, " (2') and set h(z) = 2.

The resulting map h is clearly a >:-homomorphism A from
ME AN MB
O

Proof of Theorem 11

In this sectlon we show that X-query entailment for
DL-Lite’t,, TBoxes is PSPACE-hard.

core

Proof. The proof is by reduction of the satisfiability problem
for quantified Boolean formulas (QBFs), which is known to
be PSPACE-complete. Suppose we are given a QBF

<p=Q1X1---Qan/\Cj

j=1

where Q; € {V,3} and the C;, 1 < j < m, are clauses over
the variables X;, 1 < i < n. Let

Y={A X} X} RT;|1<i<n, 1<j<m},

where the X;, X; and A are concept names and the T; and
R are role names. Let 77 contain the following axioms, for
all <i<n,1<j<mandk=0,1:

AC3S;, 387, C3Q,
QN C Xk, QrFC s, Si C R,
XFC3R, if k=0,-X,€Cjork=1,X,; €0},
3R; C 3R;, R, CT;, S;CETy,

Consider the TBox 73 with the following axioms, for all 1 <
i1<n,1<j<mandk=0,1:

_ _ 3Qk, ifQ; =V,
C ; C v
AE35. 3L {35,-, ifQ, =3,
IQ)” CXf, QI C S, SiC R,
3s; C 3p;, ip; C3P;, P CT,

We show that = ¢ if, and only if, 7; X-query entails 7.
(=) Suppose |= . Observe first that the canonical model
of (7z,{B(a)}), where B is one of X?, X}, 3R, IR~
7}, EIT_ 1 < ¢ <n, 1 < j < m), coincides with
the canomcal model of (0, {B(a)}). Therefore, it is triv-
ially finite 3-homomorphically embeddable in the canon-
ical model of (71,{B(a)}), which is consistent as there
are no occurrences of L in 7. Thus, it remains to show
that the canonical model My of Ko = (7T2,{A(a)}) can
be finitely 3-homomorphically embedded in the canonical
model M; of K1 = (7T1,{A(a)}). (The corresponding
Y-reducts of the generating models Go = (Z3,~2) and



Figure 1: X-reducts of generating models G5 and G;.

G1 = (Zy,~1) are shown in Fig. | forn = 4 and m = 2
with ¢ = VX13X2VX33X4((ﬁX1 V XQ) AN X3)) In fact,
we construct a Y-homomorphism h: AM2 — AMi We
denote by wfR] the R-witness in the generating model G;,
for: =1, 2.

We begin by setting

Ioy _ Ta To, 2 \_ Ti ., 1
h(a*?) =a™ and h(a w[SJ])—a Wig=)-

In what follows we exclude the path aZ2w?

[So]
siderations. We define % in such a way that? for each path 7
in Gy of length i + 1 < n, h(r) is a path a®*w; ... w; of
length i + 1 in G; and it defines an assignment aj, () to the
variables X1, ..., X; by taking, forall 1 <’ <4,

Qh(x) (XZ/) =T & wye€ (Xil’)Ilv

ap () X)=1L & wye (X?/)Il.

from our con-

Such assignments ay, ) will satisfy the following:

(a) the QBF obtained from ¢ by removing Q1 X7 ... Q; X;
from its prefix is true under aj (-

For the paths of length 0 the 3-homomorphism h has been
defined and (a) trivially holds. Suppose that we have defined
h for all paths in G5 of length i + 1 < n . We extend h to
all paths of length i 4 2 in G, such that (a) holds. Let 7 be a
path of length ¢ + 1. In G; we have

tail (h(m)) ~1 wigry € (X)), for k =0, 1.
If Q; = V then in Gy we have
tail(m) ~o w[2Q,?] € (X, fork =0,1.

So, we set h(r - w[QQ,_C]) = h(r) - w[lQ;_e], for both k& = 0, 1.
Clearly, (a) holds. Otherwise, Q; =3 and in G- we have

tail(mr) ~rg wfsi].

We know that |= ¢ and so, by, (@), the QBF obtained from
¢ by removing Q; X ... Q;X; is true under either aj,(,) U

{Xi = T}oraym U{X; = L}. Weset h(r-wiy,) =
h(m) - wigy
latter case. Either way, (a) holds.
Consider now a path 7 from a®2 to w2 in Gy. By con-
struction, we have
h(m) = aIlw[lQ,fI] .
On the one hand, the path 7 in G has m infinite extensions
of the form ww[zpj]w[zpj] ..., for 1 < j < m. On the other
hand, as = o, by'(a), for each clause C}, there is some 1 <

i; < n such that k() contains either w[lQ%‘] with X;, € C;
J

or w[lQ(_, | with ~X; € C;. Weset, foreach 1 < k < n—1ij,
¥

with k = 1 in the former case and &k = 0 in the

w[l kn]

2 2 _
h(m wip,) -+ wip,)) = a Wi ... Wp_,
k times

and, foreach £ > n — i;,
2 Y _ i 1 1
h(m wip,) -+ Wip,) = @ w1 ... Wi; Wik, - - Wig,)»
—_——
k times k—(n—ij;) times

where w; = w[lei], i.e., the (i + 1) element of h(7). Itis

straightforward to check that h is a Y-homomorphism from
M to M.

(=) Suppose now that h is a ¥-homomorphism from a
part of M that contains all points of distance < 2n+1 from
the root a2 to M, where as before M, is the canonical
model and G; is the generating model of (7;, {A(a)}), i =
1, 2. We have to show that = .

Let 7 be an R-path of length n + 1 from a®> in Gs (ie.,
a path from a” to w) and let X", X52,..., X*» be the
concepts containing some nodes on h(w). We show that, for
every 1 < j < m, the clause C; contains at least one of the
literals

The path 7 ends in w. So, for each 1 < j < m, consider
now the path
T WP Wipy)
——

n—4+1 times

in Gs. It should be clear that its h-image in M; can only be
of the form Uw[lQﬂw[le]w[le] o w[le], fork=0ork=1.

If £ = 0 then C; must contain —.X;, otherwise X;. O

Proof of Theorem 12

In this section, we show that deciding >-query-entailment
between DL—LiteZ'é,e TBoxes is in ExpTime. Fix X and
Ki = (T:;,{B(a)}), i = 1,2, where B is a X-concept.
It is sufficient to show that it is decidable in exponential
time whether M, is finitely 3-homomorphically embed-
dable into M,. This can be proved by a reduction to the
emptiness problem for alternating two-way automata, which
is in ExpTime (Vardi 1998). The simplest way of sketch-
ing the proof is indirect, via a reduction to the validity of



guarded fixpoint logic of finite width which has been shown
to be decidable is ExpTime using alternating two-way au-
tomata in (Gridel and Walukiewicz 1999). In our encoding
in the guarded fixpoint logic of finite width, we do not use
first-order syntax but the syntax of the extension ALCZ')
of DL-Lite’? . i.e., the standard description logic ALC ex-
tended with inverse roles, role inclusions, intersections of
roles, and greatest simultaneous fixpoints. ALCZ') TBoxes
are easily translated to guarded fixpoint logic of finite width.

Thus, we use concept variables Xi,... that can be
used like concept names, we have simultaneous fixpoints
v; X1+ X,,.C1 -+ Cpy,, where 1 < ¢ < m, and we can con-
struct, for a finite set I" of roles, the concept 3I".C' which is
interpreted by setting d € (3I".C)7 iff there exists d’ € C*
with (d,d’) € RZT for all R € T. The semantics of the
greatest fixpoint constructor is as follows, where V is an as-
signment that maps concept variables to subsets of AZ and
V[X +— W] denotes V modified by setting V(X) = W.
Then (v; X1 - - X,,.Cy - - - Cp, )Y is interpreted as

Uwi| 3w,

1<j<m: W; C

Wi, Wiga, ..., Wy, st for

OJ»Z’V[XIHWD-“’XMHWWJ}

For Zx, and My, we use the following notation. We
assume that AZ%2 = {1,... n} witha = 1. We seti ~> j
iff i ~x, j and there exists R € X with (i,j) € R?2. Let
D C Aﬁfz be the set of all m € AZx2 such that there does
not exist k with k ~> m.

For m € D, denote by Z,, the X-reduct of the interpre-
tation induced by the set of points reachable from m along
~*_paths in Zx.,.

Similarly, call 7/ a Y-son of 7 in My,, in symbols
T~ 1 if 7 = 7 - wip for some R and (,7) € SMr:
for some S € X. Denote by N,, the X-reduct of the inter-
pretation induced by the set of points reachable from some
(fixed) 1 € AMx2 with tail(m) = m along ~+*. Note that,
up to isomorphims, N, does not depend on 7, but on m
only. We denote the root of AV;,, by 7,,.

Clearly, if is sufficient to decide whether, for every m €
D, N,, is finitely X-homomorphically embeddable into
M, . Recall that, by Example 6 this is not equivalent to
having a ¥-homomorphism from each A, to Mx,. How-
ever, as the image of a € AM s fixed as a, for N finite X-
homomorphic embeddability is equivalent to the existence
of a Y-homomorphism from A7, by Kénig’s Lemma. For
the remaining N,,, we require a slightly more general con-
dition.

A partial ¥-homomorphism & :
complete, for some e € AMry if

o h(my,) is defined;

o the range of h is contained in the set of points that are
~»Z_reachable from e;

o if h(m) is defined and h(7) is not a son of e, then h(7’) is
defined, for all sons 7’ of 7.

Nm — MIC1 is e-

In My, we call 7’ a son of , in symbols m ~» 7 if
7’ = 7 - wip) for some R. Now the following can be proved
using Konig’s Lemma.

Lemma 20. (i) N7 is finitely Y-homomorphically embed-
dable into My, iff there exists a X-homomorphism h :
N1 — My, (note that h(a) = a).

(ii) Let m € D\ {a}. N, is finitely ¥-homomorphically
embeddable into M, iff at least one of the following con-
ditions holds:

o there exists a ~-path p in My, through some e such that
for infinitely many o € p there there exists a partial 3-
homomorphism hy : Ny, — My, with hy (7)) = o
that is e-complete.

e there exists a X-homomorphism h : Ny, — Mic,.

We now encode the existence of such >:-homomorphisms
into A[ﬁCIHD. Let, for 1 < i,j < nwithi ~> j = wg,
I'; ; denote the set of X-roles R with 75 = S C R. Let X;
be concept variables and set

G=( [] An(]]3r,x)

A€z ic AR i

For every ¢ € D let )?i and C”,» denote the subse-
quences X, ,...,X;, andCy,,...,C; of X1,...,X,, and
Cy,...,Cy, respectively, with i; € ATi for 1 < j < m.
Now let L
We first encode part (i) of Lemma 20:

Lemma 21. There exists a X-homomorphism h : N1 —
My, (with h(a) = a) iff i = B C C(Z;).

Proof. Assume firstthat 7; = B C C(Z1). My, is amodel
of 7y satisfying B in a. Thus, 1 = a € C(Z;)*1. Take V;
with a € Vi(X1) and Vi (X;) € C; Y forall j € AT

Now we define a ¥-homomorphism f : N7 — My, in
such a way that for all 7 € AN' with tail(7) = j we have
f(m) € Vi(X;). First set f(a) = a € V1 (X1).

Assume now that 7 € AN, f(r) has not yet been de-
fined, tail(w) = k, mpye ~> m, and that f(mp,.) has been
defined such that f(7m,..) € Vi(X;) for tail(mpre) = j
and j € Z. Then f(mpe) € C; 0", Thus, f(mpre) €
(3T 5. X5 )<Yt and so we can define f(7) as a member
of V1 (X},) with (mpre, 7) € RM*<1 forall R € T'j .

It is readily checked that f is a 3-homomorphism.

Conversely, let f : N1 — My, we a X-homomorphism
with f(a) = a. Let Z |= T; and assume d € BZ. We have a
Y-homomorphism ¢ : M; — Z with g(a) = d.

Let, for j € AT,

Vi(X;) ={g(f(m)) | tail(r) = j}.
We show that V;(X;) C C’jI’vl for all j € AT, From
gf(1) = gf(a) = d we then obtain d € C(Z;)%, as re-
quired. Let e € V;(X;). Then e = g(f(m)) for some 7
with tail(7) = j. As gf is a X-homomorphism, e € AZ
forall A € ¥ with 7 € AM. From tail(r) € ATr2 iff
7w e AN we obtain e € AZ forall A € ¥ with j € ATk,
Now assume j ~»> j’. Then (m,7 - j') € RM for all
R € Tjj. Thus (gf(n),gf(7 - j')) € RL. By defini-
tion, gf(m - j') € Vi(Xj). Thus e € (3T, ;.X;/ )5V, as
required. O



To encode Condition (ii) of Lemma 20, we have to recog-
nize ~»-paths. To this end, we consider a fresh role p and
add to 77 the inclusions

BC3(su{p}).3S™,

for every wig) € AT with a ~ wyg) and R € Dg iff
(a,w[s}) € R%x1, and

JrR™ C3(Tgr,s U{p}).35™

for every wWis), WIR] € AT with WIR] ™~ W[g] and R cT'p g
iff (wir), w;s)) € R**1. Call the resulting TBox 77

By p* we denote the transitive reflexive closure of the
role p. Then 3p*.C has the standard PDL semantics: d €
(3p*.C)7 iff there exists a p-path from d to some d’ with
d'" € CT. Clearly, 3p*.C can be expressed in the guarded
fixpoint logic of finite width. The following lemma can be
proved in the same way as Lemma 21.

Lemma 22. Leti € D\ {a}. The following conditions are
equivalent:

o There exists a YX-homomorphism h from N; to My
e T/ =EBLC 3p*.C(T))

So far, we have encoded the existence of -
homomorphisms. Now we encode e-complete partial
Y-homomorphisms. It remains to encode the first condition
of (ii) in Lemma 20. Let P be a fresh concept name. We
use P to denote the point e at which an e-complete partial
Y-homomorphism does not have to be “expanded” further.
Define

cPy=( [] An][]3ar,@xup).

A€, icATK: 2

For every i € D let C_"i(P) denote the subsequence
C; (P))7 . ~7Cim(P) of Cy,...,C, with ij e A% for
1 <3 < m. Now let

Cp(T;) = v X;.Ci(P).
Now the following can be proved in a straightforward way.

Lemma 23. Lerm € D\ {a}. The following conditions are
equivalent:

o there exists a ~»-path p in M, starting at some oo with
tail(co) = wyg) such that for infinitely many o € p
there there exists a partial Y-homomorphism hy : Ny, —
Mic, with hy(T,)) = o that is og-complete.

o We have
T E(PN3R™) E~(Ci, P)

where v(C;, P) is the guarded fixpoint formula stating
“there is a p-path p such that C'p(Z;) holds infinitely often
on p.

Lemmas 21, 22, and 23 together give the reduction to
TBox reasoning in ALCTH!), as required.

Proof of Theorem 13

Let us turn now to strong X-query entailment. Suppose that
we are given two DL-Lite/t,, TBoxes 7; and 75 and a sig-
nature Y. such that 77 X-query entails 75. Our task is to find
out whether there exists a X-TBox 7T such that 7; U T does
not X-query entail 73 U 7. In our constructions, we will be
using the following operation of gluing models.

Suppose we have two models Z; and Z, of a 3-TBox T
with A7t N1 A2 = (). A bijection g between subsets of
A; € AT and Ay € A?2 induces an equivalence relation
~on ATt U A%z by taking = ~ y in case x = y or y = g(z)
or x = g(y). We call these interpretations T -compatible
w.r.t. such an equivalence relation ~ if

T W B NBy C L, forall B; € t5 (x;), i=1,2,
TH R MRy C L, forall R; € r&i(zi,y:), i=1,2,

for all 1,97 € Ay and z9,y2 € Ay with z; ~ x9 and
y1 ~ ya. Denote by [x] the ~-equivalence class of z. Then
7 is said to be the glueing of 71 and I along ~ if

AT = {[z] | x € AT U AT},

aI: [a’Il]v

AT = {[2] | x € AT U AT2},

P* = {([z],[y)) | (z,y) € PP U PR},

In particular, we have x € AT iff x € AT \ A; fori =1 or
i =2orx € A with either z € AT or g(z) € AT2.

Lemma 24. Let 7 be the glueing along ~ of T -compatible
models Ty and Ty of T. Then T = T.

Proof. Here we use the form of the axioms in DL-Lite]{,,.

If we glue two points from different models, then all axioms
of the form By C Bs or Ry T R, will be satisfied. Only
axioms of the form B; M By C L or Ry N Ry may become
false in the glueing, but that would mean that Z; and Z, are
not 7 -compatible w.r.t. ~. O

Theorem 25. Suppose that Ti X-query entails T, for
DL-LiteCHore TBoxes T1, T2 and a signature 3. Then T1 does
not strongly Y-query entail T iff there exist a X-TBox T and
a Y-concept C such that (T, UT,{C(a)}) is consistent but

(T2 UT,{C(a)}) is inconsistent.

Proof. The implication (<) is trivial. To prove the con-
verse, suppose that, for any X-TBox T and X-concept C,
if (71 UT,{C(a)}) is consistent then (72 U T,{C(a)}) is
consistent as well.

It suffices to show that, for all -inclusions « and X-
concepts C, if K1, = (71 U {a},{C(a)}) is consistent
and the canonical model Mz of Ky = (72,{C(a)}) is
finitely X-homomorphically embeddable in the canonical
model M; of K1 = (71,{C(a)}), then the canonical
model My, of Koo = (T2 U {a},{C(a)}) is finitely -
homomorphically embeddable in the canonical model M,
of K1, as well.

For any of our canonical models M in this proof (with a
single named individual ) and n > 0, we denote by ¢, (M)
the sub-interpretation consisting of all points of distance <



n from a™ (we note that such M are connected in the sense
that every point has a uniquely defined distance from the
root). Our aim is to show that, for each n > 0, there is
a Y-homomorphism from ¢,,(Ma,) into M;,. We do this
by ‘lifting’ 3-homomorphisms from ¢,,(Ms) into M. The
construction depends on the form of a.

Casel:a=AMNBC Lora= RMNSLC L. In this case,
M; = M, and the X-homomorphisms coincide.

Case2: « = A C B. If AM2 = () then M5, = Ms and
again the >-homomorphisms coincide.

So, suppose AM2 =£ (), and so, as T; X-query entails 73,
we have AM1 #£ (). As K, is consistent, (7;,{B(b)}) is
also consistent, for ¢ = 1, 2. Denote their canonical models
by ME. Since 71 ¥-query entails 75, MZ is finitely >-
embeddable into ME.

Let h: t,(M2) — Mj be a X-homomorphism. Set
MY = My, MY = My and h® = h. We repeat the fol-
lowing procedure until there is x5 € AM: \ BMs (a ‘de-
fect’) with a distance < n from a™3. We select such an
9 so that no other such point is located at a smaller dis-

k .
tance from the root a2, Define M5™! to be the glueing

of M¥ and a fresh copy MZ along x5 ~ bM2, which are
clearly 73-compatible w.r.t. this equivalence relation. So,
MSH = T2. (Note, however, that M’;H may contain ‘re-
dundant’ successors of x witnessing some concepts of the
form 3R despite that there are such R-witnesses in M&.)
Also, we define M’f“ to be the glueing of M¥% and a fresh
copy MP along h¥(zy) ~ YM7 | which are clearly 71-
compatible w.r.t. this equivalence relation. So, M* ! |= 77,
We also define h¥*! by extending R to the set of new points
in the copy of MZ with the help of the ¥-homomorphism
from ¢,,(MZ%) into ME.

Since we always select a ‘defect’ closest to the root, there
is a k such that a subtree of ¢,(M5) is E-isomorphic to
tn(May) (ie., M5 has no ‘defects’ up to depth n). On
the other hand, h* is a ¥-homomorphism from t,, (M%) to
MPF. So, there is a Y-homomorphism from ¢, (Ms,) into
M. Repeating the above procedure for M* alone, we can
extend the X-homomorphism from ¢, (May) to My,.

Case3: a = RC S. If RM2 = () then M5, = M5 and
the >-homomorphisms coincide.

So, suppose R™M2 £ (), and so, as 7; ¥-query entails 73,
RMi £ (). As the K;, are consistent, (77, {S(b,c)}) is also
consistent. Denote their canonical models by M. Since
T1 ¥-query entails 75, M3 is finitely Y-homomorphically
embeddable into M7 .

As in the previous case, for each n, we can construct ./\/l’f
M and h* such that a subtree of ¢,,(M%) is S-isomorphic
to t,(Ms,) and h* is a ¥-homomorphism from ¢, (M%)
to M¥ (this time though, defects are pairs (z,y) € RM: \
SM:  which are ‘cured’ by glueing M¥ and a fresh copy of
Mf along x ~ bM? and Y~ ch). The rest of the proof is
the same as in Case 2. O

We show now that, if 7; does not strongly >-query entail
T2, then this can be detected using a $.-TBox 7 with a single

axiom.

Theorem 13. Suppose that T1 X-query entails . Then Tq
does not strongly Y.-query entail T iff there is a X-concept
C and X-TBox T with a single inclusion of the form By T
By or Ry C Ry such that (T1UT,{C(a)}) is consistent but
(T2 UT,{C(a)}) is inconsistent.

Proof. For any TBox T, denote by % the reflexive and
transitive closure of {(R;, R2),(R{,R;) | R1 C Ry €
T}, where - = Pif R=P and R~ = P if R =
P, for a role name P. We define an analogous relation on
concepts: - is the reflexive and transitive closure of

{(B,T) | Baconceptin7}U
{(Bl,Bg) | Bl C B2 € T} U
{(3R1,3R,) | R1 T} R»}.

We say that a concept C' is locally T -consistent if the fol-
lowing three conditions hold:

.« gy L,

e there is no By, By with C &5 B; fori = 1,2 and By M
B C 1,

e there isno R, Ry, Ry with C' T3 3R, R C% R, fori =
1,2and Ri MR, C 1.

Otherwise, C' is said to be locally T -inconsistent.

Suppose (71 U T,C(a)) is consistent, and so is
(72,C(a)), but (72 U T,C(a)) is not. Then either C is
locally 72 U T-inconsistent or there is a sequence of roles
Ry, ..., R, such that

o C L% 7 JRy,

e JR; C% 7 3Ri+1and 3R; islocally 7oUT -consistent,
foralll <7 < n,

e JR, islocally 75 U T-inconsistent.

Denote 3R, by D in the latter case and C' by D in the for-
mer case. We know that D is locally 73 U7 -inconsistent. In
the latter case without loss of generality we can even assume
that

e there is no X-concept B with C T - B T+ 3R
and B [ 1 C,

e for all 1 < ¢ < n, there is no X-concept B with
3R, Egur B Equr 3R

for if it is not the case, we could start from (72 U T, B(a)).
It follows that none of the axioms from 7 is involved in
‘deriving’ the 3R; an so,

C E% dR; and HRZ_ E% E'Ri_;_l, forl <i<n.

Therefore, the canonical model of (73, C(a)) must contain
a point in 3R, . So, in either case (i.e., whether D is C' or
3R;,) the canonical model of (72, C(a)) contains a point in
D (thus, D is Ta-consistent). So, we need to pin-point a
single axiom that is a reason for local 72 U T -inconsistency
of D. Consider all possible cases:



Case I: Suppose there are By, B such that D 23—2 uT Bis
fori =1,2,and By M By C 1 € 75 U T. Suppose further
that, for both i = 1, 2, we have X-concepts B}, ..., B with

1 2 3
DC%, B; CF By T, By CF -+ T BI' Ly, Bj;

. 1 . .. .
thatis, B; is a minimal and B;" a maximal (w.r.t. C%, UT) 3-
concepts between D and B; and each consecutive B/ s

derived from B by axioms in either 73 or 7. As 71 X-query
entails 7z, by (h), the canonical model of (77, C(a)) has a
point in both Bf and Bi. It also follows that the canon-
ical model of (7; U 7, C(a)) has a point in both B} and
B31. On the other hand, for each 1 < j < n, the inclusion
B! C B} tlisa consequence of either 75 or 7. The latter
case is trivial and in the former case, as 71 X-query entails
T2, by (p), we have 71 |= B} C Bf“. Summing up, we
have T UT | Bi1 C B and so, the canonical model of
(71 U T,C(a)) has a point in both B}* and BY. Now, we
have either By C By € T or By C By € 7. In the former
case B = By and By = By and thus, (71 U T,C(a)) is
inconsistent. In the latter case, provided that both both se-
quences BJ and B exist, we have T3 = B M BY C 1, and
so, by (p), 71 = B} M By C L, whence (71 U T,C(a))
is inconsistent. Either way, we arrive at a contradiction pro-
vided that both both sequences of Y-concepts exist. On the
other hand, one of the sequences must exist for otherwise D
is not T3-consistent.

Suppose that D CF. Bs. Let Bl and B} be a minimal
and a maximal Y-concepts as above. We then take 7' =
{B} C B?}, which gives us D Cr, 7 Bj and so, (72 U
T’,C(a)) is inconsistent. On the other hand, (7;U7”, C(a))
is clearly consistent because (71 U7, C'(a)) is consistent and

TWUT ET.

Case 2: Suppose there is a concept B such that D CF
Band B C | € 7, UT. By the argument of Case 1 with
B = Bs, we obtain a contradiction if assume that there is
a X-concept B’ such that D T, B’. So, this case is in fact
impossible.

Case 3: Suppose there are R, R1, Ry such that D T, 7~
JR, RCY 7 Ry, fori=1,2and Ry MR C L € ToUT.
The argument of Case 1 is repeated for roles Ry and Ry. [

Proof of Theorem 15

In this section, we prove the following

Theorem 15 Let 771, 7> be DL-Lite’ TBoxes and ¥ a sig-

core

nature. If (y) holds, then 7; 3-query entails 75. If (n) holds,
then 77 does not X-query entail 7.

Proof. By Theorem 8 it suffices to show that

1. If M% is finitely ¥-homomorphically embeddable into
M?Z then there exists a X-simulation of GZ in G2 ;

2. If there exists a forward simulation of GZ in G2 then
there exists a >-homomorphism from M% to M% .

Letfori = 1,2, G; = (Z;,~;) denote G and M, denote
ME.

We prove 1 first. For any 7 € AM2 and n > 0 by
Ms(n, ) we denote the induced subinterpretation of My
with domain AM2("7) = L. 7/ | |7'| < n}. Intuitively,
My(n, ) is a tree rooted at 7 unravelled up to level n. No-
tice that Mo (n, 7) is a finite structure for any n and, hence,
there exists a X-homomorphism from Ma(n, ) to M.

For n > 0 we define now a sequence of relations p,, C
AT x ATt as follows: let (z,2') € p, iff there exist
© € AM2 and a ¥-homomorphism h from Ms(n,7) to
M such that

e z = tail(w) and 2’ = tail(h(m)).
It can be readily seen that

e for every n the domain of p,, is A2 and (a?2,a®) € p,;

o t22(x) C t& (a'), forall (z,2') € pp;

o if & ~x, wir) and (x,2') € ppy1, then there is y’ € AT
such that (wig),y’) € pn and S € rZ (2, y') for every
Y-role S with [R] <, [5].

® pnt1 € pn-

Since p,, is a relation on finite structures, there must exist N
such that py = p; for all ¢ > N. It can be readily seen that
pnN is a simulation of G5 in Gy.

We prove now item 2. Let n be a forward simulation of
Go in Gy. For every m = AW[R,] " " W[R,] € AM2 we define
h(m) by induction on n. The constructed function h has the
additional property that tail(7)nh(tail(7)) for any .

If 7 = a™2 set h(a™?2) = a™1. Next, suppose that for
all k£ < n and all paths of the form 7 = awg,) - wiR,)
h() is defined. Consider cases.

Suppose 13 (wig, . wir,))  # 0. Let
a'U}[Sl] e w[Sk] = h(aw[Rl] e w[an])- Since
W[R, _,]MW[s,]>» N s a forward simulation, and

T2 (WiR, ], Wr,) # 0 there must exist wyg,,,] € AT
such that wig,) ~1  wis, .1, rE2 (WiRr,_.1»WR,)) <
r? (wis,] wis,,11) and wig,nws, . ). We define h(r) as
aW[sy] "+ W[S,]W[S)41]> which is a path in Z;.

Suppose now that r% (w[R7l71], w[Rn]) = . Let Wis,] €
A7T1 be such that W(R,|NW[s,]- Let 7’ be an arbitrary path in
T, such that tail(7’) = wjg, ;. We define h(m) = 7'.

One can see that h is a X-homomorphism from M5 to
M;.

O

Proof of Theorem 16

Direction “=-" follows from Theorem 15. For “<”, it suf-
fices to prove the following lemma.

Lemma 26. Suppose that (a) 71 and T2 are DL-Lite .
TBoxes, or (b) T, = () and T is a DL-Lite!:,, TBox. Sup-
pose further that (p) holds and that, for every ¥-concept B,
there is a X:-simulation of 973—2 in 973—1. Then T1 X-query en-

tails Ts.



Proof. In case (a), the claim follows from Theorem 9, using
(s1) and (s2) to obtain the required =’ associated with z €
AR

In case (b), let B be a X-concept and p a -simulation
of GZ in G2. Let K; = (T;, B(a)). We show that M,
is X-homomorphically embeddable into My,. If B = A,
then AZ<1 = {a}. Therefore, p(z) = a for all z € ATx,
and, whenever [R] <, [S] for some S € X, the role R is
not generating, due to (s3). Set h(o) = a, for all 0 € M,.
Then h is a homomorphism because

e h(a) = a trivially;

ot (0) = 12 (tail(0)) C £ (a) = 5 (h(0)),
due to the construction of M,, (s2) and the construction
of M,;

e ifSecXand S ¢ TJEM'CQ (01,02), then 09 = 01 - wp) for

some [R] with [R] <7, [S] which is a contradiction to R
not being generating.

If B = 35, then A%1 = {a, wg)}. Due to (s3), when-
ever [R] <7, [T] for some T € ¥, then R can only be gener-
ating if T' = S and [R] £, [T"] for T” # S. Then, for every
o = o'zwg) with [R] <7, [S], we have that p(x) = {a}
and p(uwir) = {wis}, where p(z) = (' | (2,2)) € p}.
We now set h(o) = aif (tail(c),a) € p, and h(o) = awg
otherwise. Then h is a homomorphism because
o h(a) = a from (s1);

Mic, Micq .
oty "2(0) Ct5. "' (h(o)) follows from (s2) as above;
¢ if T € Sand T € 73 "2(01,09), then o5 = 01 - wyg)
for some [R] with [R] <7, [T]. Due to the above said,

T = S. Then the observations about p and the definition
of h entail that h(c1) = a and h(o2) = wig), hence T' =

S € P (h(o1), h(02)).
0



