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Introduction

For starters: reducing parity games to safety games.

m Borel: impossible!
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Introduction

For starters: reducing parity games to safety games.

m Borel: impossible!

m Bernet, Janin, Walukiewicz: determine winning regions and a
(permissive) winning strategy for one player.

What about Muller games? trivial: two-step reduction with
doubly-exponential blowup

LAR . BJW
Muller ——> parity ——— safety

We present a direct construction from Muller to safety with only
exponential blowup = new algorithm, new memory structure, and
permissive strategies for Muller games.
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Muller Games

Muller games (A, Fo, F1):
m arena A and partition (Fp, F1) containing the loops of A.
m Player i wins p iff Inf(p) = {v | 3*n s.t. p, =v} € Fi.
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Muller Games

Muller games (A, Fo, F1):
m arena A and partition (Fp, F1) containing the loops of A.
m Player i wins p iff Inf(p) = {v | 3*n s.t. p, =v} € Fi.

Running example
m Fo = {{0,1,2},{0}, {2}}
u fl = {{07 1}7 {172}}
Player 0 has a winning strategy from every vertex: alternate
between 0 and 2. This requires two memory states.
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Muller Games

Muller games (A, Fo, F1):
m arena A and partition (Fp, F1) containing the loops of A.
m Player i wins p iff Inf(p) = {v | 3*n s.t. p, =v} € Fi.

Running example
m Fo = {{0,1,2},{0}, {2}}
u fl = {{07 1}7 {172}}
Player 0 has a winning strategy from every vertex: alternate
between 0 and 2. This requires two memory states.

Theorem
Muller games are determined with finite-state strategies of size n!.
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QOutline

1. Scoring Functions for Muller Games
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Scoring Functions

Let F C V, F # 0.
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Scoring Functions

Let FC V, F#0. For v € V define

0 otherwise,

Ser(v) = {1 if F={v},

and

0 if F={v},
Fn{v} otherwise.

Accp(v) = {
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Scoring Functions

Let FCV, F#0. For ve Vand w € VT define

0 if v&F,
Sce(wv) = ¢ Sce(w) if veFAAcce(w) # (F\{v}),
Scr(w)+1 ifve FAAccp(w)=(F\{v}),
and
0 if veF,
Acep() = § Accr(w)U (v} ifv € F A Acer(w) # (F\ {1)),
0 if ve FAAccp(w) = (F\{v}).
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Scoring Functions cont’d

m Scr(w): maximal k € N such that F is visited k times since
last vertex in V' \ F (reset).

m Accp(w): set A C F of vertices seen since last increase or
reset of Scr.
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m Scr(w): maximal k € N such that F is visited k times since
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m Accp(w): set A C F of vertices seen since last increase or
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Example:
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Scoring Functions cont’d

m Scr(w): maximal k € N such that F is visited k times since
last vertex in V' \ F (reset).

m Accp(w): set A C F of vertices seen since last increase or
reset of Scr.

Example:
w | 0 0 1 1 0 0 12
SC{OJ} | 0 0
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Scoring Functions cont’d

m Scr(w): maximal k € N such that F is visited k times since
last vertex in V' \ F (reset).

m Accp(w): set A C F of vertices seen since last increase or
reset of Scr.

Example:
w | 0 0 1 1 0 0 12
Scqo,1} | 0 0 1
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Scoring Functions cont’d
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m Accp(w): set A C F of vertices seen since last increase or
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Example:
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Scoring Functions cont’d

m Scr(w): maximal k € N such that F is visited k times since
last vertex in V' \ F (reset).

m Accp(w): set A C F of vertices seen since last increase or
reset of Scr.

Example:
w | 0 0 1 1 0 0 12
Scqo,1} 0 0 1 1 2 2 3 0
ACC{O’I}
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Scoring Functions cont’d

m Scr(w): maximal k € N such that F is visited k times since
last vertex in V' \ F (reset).

m Accp(w): set A C F of vertices seen since last increase or
reset of Scr.

Example:
w | 0 0 1 1 0 0 12
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Scoring Functions cont’d

m Scr(w): maximal k € N such that F is visited k times since
last vertex in V' \ F (reset).
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Scoring Functions cont’d

m Scr(w): maximal k € N such that F is visited k times since
last vertex in V' \ F (reset).

m Accp(w): set A C F of vertices seen since last increase or
reset of Scr.

Example:

w | 0 0 1 1 0 0 12
SC{OJ} 0 0
ACC{O’I} {0} {0} (Z)

—
—
N
N
w
o
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Scoring Functions cont’d

m Scr(w): maximal k € N such that F is visited k times since
last vertex in V' \ F (reset).

m Accp(w): set A C F of vertices seen since last increase or
reset of Scr.

Example:
w | 0 0 1 1 0 0 12
Scqo,1} 0 0 1 1 2 2 3 0

ACC{O,l} {0} {0} 0 {1}
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Scoring Functions cont’d

m Scr(w): maximal k € N such that F is visited k times since
last vertex in V' \ F (reset).

m Accp(w): set A C F of vertices seen since last increase or
reset of Scr.

Example:
w | 0 0 1 1 0 0 12
Scqo,1} 0 0 1 1 2 2 3 0
Accpoyy | {0} {0} 0 {1} 0 {0} o0
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Scoring Functions cont’d

m Scr(w): maximal k € N such that F is visited k times since
last vertex in V' \ F (reset).

m Accp(w): set A C F of vertices seen since last increase or
reset of Scr.

Example:
w | 0 0 1 1 0 0 12
Scqo,1} 0 0 1 1 2 2 3 0
Accpoyy | {0} {0} 0 {1} 0 {0} o0
Scion2p | O 0 0 0 0 0 0 1
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Scoring Functions cont’d

m Scr(w): maximal k € N such that F is visited k times since
last vertex in V' \ F (reset).
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Example:
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Scoring Functions cont’d

m Scr(w): maximal k € N such that F is visited k times since
last vertex in V' \ F (reset).
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Scoring Functions cont’d

m Scr(w): maximal k € N such that F is visited k times since
last vertex in V' \ F (reset).

m Accp(w): set A C F of vertices seen since last increase or
reset of Scr.

Example:
w | 0 0 1 1 0 0 12
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Scoring Functions cont’d

m Scr(w): maximal k € N such that F is visited k times since
last vertex in V' \ F (reset).

m Accp(w): set A C F of vertices seen since last increase or
reset of Scr.

Example:
w | 0 0 1 1 0 0 12
Scqo,1} 0 0 1 1 2 2 3 0
Accpoyy | {0} {0} 0 {1} 0 {0} o0
Scion2p | O 0 0 0 0 0 0 1

ACC{o.,1,2} {0} {0} {07 1} {07 1}
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Scoring Functions cont’d

m Scr(w): maximal k € N such that F is visited k times since
last vertex in V' \ F (reset).

m Accp(w): set A C F of vertices seen since last increase or
reset of Scr.

Example:
w | 0 0 1 1 0 0 12
Scqo,1} 0 0 1 1 2 2 3 0
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Scoring Functions cont’d

m Scr(w): maximal k € N such that F is visited k times since
last vertex in V' \ F (reset).

m Accp(w): set A C F of vertices seen since last increase or
reset of Scr.

Example:
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Scoring Functions cont’d

m Scr(w): maximal k € N such that F is visited k times since
last vertex in V' \ F (reset).

m Accp(w): set A C F of vertices seen since last increase or
reset of Scr.

Example:
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Scoring Functions cont’d

m Scr(w): maximal k € N such that F is visited k times since
last vertex in V' \ F (reset).

m Accp(w): set A C F of vertices seen since last increase or
reset of Scr.

Example:
w | 0 0 1 1 0 0 12
Scqo,1} 0 0 1 1 2 2 3 0
Accpoyy | {0} {0} 0 {1} 0 {0} o0

Scron2y | O 0 0 0 0 0 0o 1
Accpazy | {03 {0} {01} {o,1} {o,1} {01} {0,1}
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Scoring Functions cont’d

m Scr(w): maximal k € N such that F is visited k times since

last vertex in V' \ F (reset).

m Accp(w): set A C F of vertices seen since last increase or

reset of Scr.

Example:
w | 0 0 1 1 0 0 12
Scqo,1} 0 0 1 1 2 2 3 0
Accpoyy | {0} {0} 0 {1} 0 {0} o0
Scion2y | O 0 0 0 0 0 0 1
Accpoay | {0 {0} {0,1} {0,1} {o,1} {o,1} {o0,1} O

Remark
F =1Inf(p) < liminf,— 00 Scr(po - -+ pn) = 00
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Two Examples

m Fo= {{07 L, 2}7 {0}7 {2}}

s 71 = ({01}, {1.2}}
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Two Examples
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s 71 = ({01}, {1.2}}

Losing player (Player 1) can enforce score of two:
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Two Examples

m Fo= {{07 L, 2}7 {0}7 {2}}

s 71 = ({01}, {1.2}}

Losing player (Player 1) can enforce score of two:

1—2 (wlog)
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Two Examples

m Fo= {{07 L, 2}7 {0}7 {2}}

s 71 = ({01}, {1.2}}

Losing player (Player 1) can enforce score of two:

1—2—2—01
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Two Examples

m Fo= {{07 L, 2}7 {0}7 {2}}

s 71 = ({01}, {1.2}}

Losing player (Player 1) can enforce score of two:

1—>2— 2 — 1 < Sc{1,2}:2
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Two Examples

m Fo= {{07 L, 2}7 {0}7 {2}}

s 71 = ({01}, {1.2}}

Losing player (Player 1) can enforce score of two:

1—2—2— 1 < Scq2) =2

m Fo={{0,1},{1,2},
C o23)

m 71 =1{{0,1,2},{0,2,3}}
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Two Examples

m Fo= {{07 L, 2}7 {0}7 {2}}

s 71 = ({01}, {1.2}}

Losing player (Player 1) can enforce score of two:

1—>2— 2 — 1 < Sc{1,2}:2

I%—\ m Fo={{0,1},{1,2},
{07 17273}}
m 71 =1{{0,1,2},{0,2,3}}

Losing player (Player 1) is the first to reach a score of two:
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Two Examples
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s 71 = ({01}, {1.2}}
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1—>2— 2 — 1 < Sc{1,2}:2

I%—\ m Fo={{0,1},{1,2},
{07 17273}}
m 71 =1{{0,1,2},{0,2,3}}

Losing player (Player 1) is the first to reach a score of two:

3—0
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Losing player (Player 1) is the first to reach a score of two:

1
~

3—0—2
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Results

Lemma (FZ10)

On her winning region, Player i can prevent her opponent from
ever reaching a score of 3 for every set F € F1_;.
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Results

Lemma (FZ10)

On her winning region, Player i can prevent her opponent from
ever reaching a score of 3 for every set F € F1_;.

Corollary
Two ‘reductions”: Muller game to..

1. ..reachability game on unraveling up to score 3: yields winning
regions, but no winning strategies.

2. ..safety game: see next slides: yields winning regions and one
winning strategy.

Remember: winning regions and one winning strategy is the best
we can hope for.
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2. Solving Muller Games by Solving Safety Games
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“Reducing“ Muller Games to Safety Games

m Fo= {{0> L, 2}7 {O}> {2}}

s 71 = ({01}, {1.2}}
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“Reducing“ Muller Games to Safety Games
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s 71 = ({01}, {1.2}}

Idea: track of Player 1's scores and avoid Scg = 3 for F € F.
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“Reducing“ Muller Games to Safety Games

m Fo= {{07 L, 2}7 {0}7 {2}}

s 71 = ({01}, {1.2}}

Idea: track of Player 1's scores and avoid Scg = 3 for F € F.

m Ignore scores of Player 0.
m ldentify plays having the same scores and accumulators for
Player 1: w =z w' iff last(w) = last(w’) and for all F € Fi:

Scp(w) = Scge(w') and Accge(w) = Acc(w’)

m Build =z -quotient of unravelling up to score 3 for Player 1.
m Winning condition for Player 0: avoid Scg = 3 for all F € F.
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“Reducing“ Muller Games to Safety Games

m Fo= {{0> L, 2}7 {O}> {2}}

. 7= ({0.1).{1.2))
0
[ ] SC{O,I} = O, ACC{O’l} = {0}
SC{l’z} = O, ACC{l’z} = @
SC{O’l} =0, ACC{O’l} = {1}
SC{LQ} = 0, ACC{LQ} = {1}

SC{OJ} =0, ACC{071} =0
[2] SC{172} =0, ACC{Lz} = {2}
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“Reducing“ Muller Games to Safety Games

m Fo= {{0> L, 2}7 {O}> {2}}

s 71 = ({01}, {1.2}}

[12]

SC{OJ} = 0, ACC{oﬁl} = @
SC{LQ} = 1, ACC{LQ} = @

[10]
[1] d § Sefory =1 Aceqoqy =10
1 Sc 1.2} = 0, Acc 1,2y = @
N {12} {12}

2]
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“Reducing“ Muller Games to Safety Games

m Fo= {{07 L, 2}7 {0}7 {2}}

<ol (1 a 71 = {{0,1}, {1.2}}

0] —~ 01
U [ ] SC{O 1} = 1 ACC{O 1} = @
SC{]_ 2} = 0 ACC{]_ 2} = {1}
[10]
P Scgo,1y = 1, Accpoy =0
[1] W SC{I 2} = 0 ACC{l 2} = @

[12]

2] >([21])

Martin Zimmermann RWTH Aachen University Down The Borel Hierarchy 10/15



“Reducing“ Muller Games to Safety Games

0] >([01])  ([101])

[10]

—

[100]

[12]

—

[122]

Pl(21]) ([121])

m fo ::{{07172}7{0}7{2}}
u Jﬂ_=:{{0>1}>{1>2}}
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“Reducing“ Muller Games to Safety Games

m fo ::{{07172}7{0}7{2}}
m 71 ={{0,1},{1,2}}

Mo —([01]]  ([101]}>|[1010] [[10101]]-» [101010]
g v [10] 4| [100] [[1001]}-» [10010] |( [100101]
1] %
[12] Py | [122] b{[1221] }—| [12212] | [122121]
0 7
Rl(21]) (2]} [1212] |~ {[12121] }»| [121212]

RWTH Aachen Universi

ity Down The Bore

| Hierarchy
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“Reducing“ Muller Games to Safety Games

m fo ::{{0?172}7{0}>{2}}
m 71 ={{0,1},{1,2}}

Mo —([01]]  ([101]}>| [1010] [[10101]]—> [101010]
g v [10] 4| [100] [[1001]]-» [10010] |([100101] )
B )
[12] Py | [122] b{[1221] }—| [12212] {( [122121]
0 7
Rl([21]) (2] [1212] F—{[12121] }| [121212)

RWTH Aachen Universi

ity Down The Bore

| Hierarchy

10/15



Results

Theorem (NRZ11)

1. Player i wins the Muller game from v iff she wins the safety
game from [v]— .

2. Player 0's winning region in the safety game can be turned
into finite-state winning strategy for her in the Muller game.

3. Size of the safety game (n!)3.
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1. Player i wins the Muller game from v iff she wins the safety
game from [v]— .

2. Player 0's winning region in the safety game can be turned
into finite-state winning strategy for her in the Muller game.

3. Size of the safety game (n!)3.

Remarks:

m Size of parity game in LAR-reduction n!l. But: safety games
allow much simpler algorithms.
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Results

Theorem (NRZ11)

1. Player i wins the Muller game from v iff she wins the safety
game from [v]— .

2. Player 0's winning region in the safety game can be turned
into finite-state winning strategy for her in the Muller game.

3. Size of the safety game (n!)3.

Remarks:
m Size of parity game in LAR-reduction n!l. But: safety games
allow much simpler algorithms.
m 2. does not hold for Player 1.

m Not a reduction in the classical sense: not every play of the
Muller game can be mapped to a play in the safety game.
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The Proof: Safety to Muller
m Jo= {{0> 172}7 {O}> {2}}

. 7= {(011.{1.2))
([0] —([01])  ([101] }>{ [1010] —{[10\101]]—» [101010]

U / N
. [10] {4 [100] {>([1001] }—| [10010] [-([100101] ]
Y| 8
[12] P [122] |{[1221] }—| [12212] [ [122121]

) N /
Pl (1)) (2]} [1212] {12121 }>| [121212]
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The Proof: Safety to Muller
m Jo= {{07 172}7 {0}7 {2}}
= 7= {{0.1).{1.2))
[0] >([01])  ([201]]

U 7

[10] {4 [100] | [1001]]
[1]

[12] P [122] {[1221])
e N\

2l (1)) (1121]]

Use the winning region of safety game as memory structure..
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The Proof: Safety to Muller
m Jo= {{07 172}7 {0}7 {2}}
= 7= {{0.1).{1.2))
[0] >([01])  ([201]]
0 /

[10] 4] [100]

> ([1001]]

[12] Bl [122]

0 A\
2l (1)) (1121]]

([1221])

..or construct a permissive strategy..
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The Proof: Safety to Muller
m Jo= {{07 172}7 {0}7 {2}}

s 71 = ({01}, {1.2}}

[100] |>{12001])

8. X

[122] |>([1221])

..or keep only maximal elements.
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The Proof: Muller to Safety
m Jo= {{0> 172}7 {O}> {2}}

. 7= {(011.{1.2))
([0] —([01])  ([101] }>{ [1010] —{[10\101]]—» [101010]

U / N
. [10] {4 [100] {>([1001] }—| [10010] [-([100101] ]
Y| 8
[12] P [122] |{[1221] }—| [12212] [ [122121]
) N 7
Pl (1)) (2]} [1212] {12121 }>| [121212]

Mimic strategy that prevents Player 1 from reaching a score of 3.
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3. Conclusion
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Conclusion

Solving Muller games via safety games:
m New algorithm for Muller games: just solve the safety game.
m New memory structure for Muller games: maximal elements
of winning region (antichain).
m New concept: permissive strategies for Muller games.

m Same constructions applicable for many other types of games.
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Conclusion

Solving Muller games via safety games:
m New algorithm for Muller games: just solve the safety game.
m New memory structure for Muller games: maximal elements
of winning region (antichain).
m New concept: permissive strategies for Muller games.

m Same constructions applicable for many other types of games.

Ongoing and future work:

m A progress measure algorithm for Muller games?
m Is there a tradeoff between size and quality of a strategy?

m Can you play infinite games in infinite arenas in finite time?

Martin Zimmermann RWTH Aachen University Down The Borel Hierarchy 15/15



	Scoring Functions for Muller Games
	Solving Muller Games by Solving Safety Games
	Conclusion

